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Disclaimer 1: | use category theory as a tool. If some results can be
obtained more directly from topos theory, feel free to point it out (I will
add your tool to my toolkit!)
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Disclaimer 1: | use category theory as a tool. If some results can be
obtained more directly from topos theory, feel free to point it out (I will
add your tool to my toolkit!)

Disclaimer 2: One can study the ‘usual’ notions of rewriting in this
framework. | will mostly present the formalisation of rewriting itself.
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Graph transformations ]

» From strings to non-linear
structures




String rewriting

Y alphabet
u — v rewriting rules (v and v are words on ¥*)
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String rewriting

Y alphabet
u — v rewriting rules (v and v are words on ¥*)

aba — aaa
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String rewriting

Y alphabet
u — v rewriting rules (v and v are words on ¥*)

aba — aaa

baaabaab

2. Graph transformations



String rewriting

Y alphabet
u — v rewriting rules (v and v are words on ¥*)

aba — aaa

baaabaab = ,p,_,42, baaaaaab
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String rewriting

Y alphabet
u — v rewriting rules (v and v are words on ¥*)

aba — aaa
baaabaab = ,p,_,42, baaaaaab

e Chomsky hierarchy

o Generalized to abstract rewriting system (X, —)

2. Graph transformations



Graph transformations

Goal : Generalize from strings to graphs

p= (L7R)

2. Graph transformations



Graph transformations

Goal : Generalize from strings to graphs

e Find in G a graph similar to L
e Remove it from G

e Reconnect R within the more global context

2. Graph transformations



Rewriting rule on graphs?

How is this rule even defined? How can we apply it?

2. Graph transformations



The category Graph

A graph G = (V,E,s, t):
e a set of nodes V,
e a set of arcs E,
e a source functions: E — V,

e atargetarrow t: E — V,

2. Graph transformations



The category Graph

/ [ 0

G = G= — H p
A graph G = (V,E,s, t): A morphism G — H:
e a set of nodes V, e a node function Vg — Vy,
e a set of arcs E, e an arc function Eg — Ep,
e a source functions: E — V, preserving structure.
e atargetarrow t: E — V,

2. Graph transformations 8



A graph rewriting?
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A graph rewriting?
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A graph rewriting?

2. Graph transformations



Question: J

Why is it unsufficient?




How to compute pushouts? |

n // A little digression . ..



Pushout &

Colimit of the functor (e <— e — o) — C|
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Pushout &

Colimit of the functor (e < e — o) — CJ

Pushout of A& C 2 Bis A P24 P 2 B such that
e the left diagram commutes

e the construction is universal: for any other commutative square, there
exists a unique morphism such that the right diagram commutes.

cC—£5A c £
h lpA h

B— P B ——

pPB PB

fs
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Pushout in Set &

Pushout of A & C ™ B in Set given by
P=(AUB)/~

e ALl B disjoint union of A and B
e g(c)~h(c)forallceC
e px: X — P maps x € X to its equivalence class (X = A or B)
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Pushout in Set &

Pushout of A& C I B in Set given by
P=(AUB)/~

e ALl B disjoint union of A and B
e g(c)~h(c)forallceC
e px: X — P maps x € X to its equivalence class (X = A or B)

We can implement pushouts in Set!J
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Pushout in Set &

Pushout of A & C ™ B in Set given by
P=(AUB)/~

e ALl B disjoint union of A and B
e g(c)~h(c)forallceC
e px: X — P maps x € X to its equivalence class (X = A or B)

We can implement pushouts in Set!J

Extends to presheaves via pointwise computation (see AlgebraicJulia®)
Certified for graphs in Isabelle/HOL?

IBrown et al. 2022.
2S6ldner et al. 2022.
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Question: J

Why is it unsufficient?




Deleting structure

(%

2. Graph transformations

-

0
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Deleting structure

®
v

2. Graph transformations
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Deleting structure

® — ) — 0

2. Graph transformations
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Deleting structure

® —
v
Dangling edges
v
—-—=>
u w u w

2. Graph transformations
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Deleting structure

{—— =

bt
/

{———
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Deleting structure

2. Graph transformations

<___

no pushout
complement

15



Deleting structure

v

2. Graph transformations
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Deleting structure

2. Graph transformations

15



Multiple approaches!

Double-Pushout

e — 0 —

'Rozenberg 1997.

2. Graph transformations
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Single-Pushout

— 0
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Multiple approaches!

Double-Pushout Single-Pushout

— 0

e — 0 —

\@.
~

Sesqui-Pushout, Double-Pullback, Pullback-Pushout, Double-Pushout on

cospans ...

'Rozenberg 1997.
16
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A diagram chasing experience |

ﬁ // A little digression . ..



Single Pushout rewriting! in pGraph &

G

YH. Ehrig et al. 1997.
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Single Pushout rewriting! in pGraph &

L «— dom(r)— R

dom(m)

G

YH. Ehrig et al. 1997.
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Single Pushout rewriting! in pGraph &

L «—— dom(r)— R

dom(m) PO &'

G

YH. Ehrig et al. 1997.
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Single Pushout rewriting! in pGraph &

L<—<dom —)R

N/

dom(m) PO @G’

G

YH. Ehrig et al. 1997.
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Single Pushout rewriting! in pGraph

L —— dom(r

N

dom(m) PO G —— H'

G

YH. Ehrig et al. 1997.
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Single Pushout rewriting! in pGraph &

YH. Ehrig et al. 1997.
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Single Pushout rewriting! in pGraph

YH. Ehrig et al. 1997.
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Single Pushout rewriting! in pGraph &

L —— dom(r

LA

dom(m) PO @G’ H'

G

YH. Ehrig et al. 1997.
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L —— dom(r)—

LS

dom(m) PO &' — H ————

Q

2. Graph transformations
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A

L —— dom(r) A diagram is a ‘constructive’ proof)

NLAN

dom(m) PO @ —— H ———

Q

2. Graph transformations 19



L —— dom(r)—

LAY

dom(m) PO &' — H ————

Q

2. Graph transformations

A

A diagram is a ‘constructive’ proofJ

e a proof

e an algorithm

19



A

L ——— dom(r) A diagram is a ‘constructive’ proofJ

\/Po/\

dom(m) PO &' — H ———— .
Towards a formal proof?

See the CoREACT project

2. Graph transformations 19



Rule and matching

Aruleisaspanp=L«+ [ — R
e Left-hand side
e Interface
e Right-hand side

2. Graph transformations

20



Rule and matching

Aruleisaspanp=L«+ [ — R
e Left-hand side
e Interface
e Right-hand side

A match for p is a morphism m: L — G

2. Graph transformations

20



Double-pushout rewriting

p=L<+ | — R rewrites G via m: L — G if there exists a diagram

e

G +——

Py

— | ——

(_
S-X-

T

—

where both squares are pushouts

G =P"™ H is the direct derivation of G by p via m

2. Graph transformations

21




Question:
Where is the issue?J




Can we use any morphisms?J

n // A little digression . ..



Arbitrary vs monos

L+— /] —R
I
G«<—D——H

Habel et al. 2001.

2. Graph transformations

24



Arbitrary vs monos &

L +——
dl

G +——

£

O — ~
H
3*

T

—

1 Monic matches do not lessen the expressiveness! and allow for explicit
counting when deleting nodes or edges

Habel et al. 2001.
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Arbitrary vs monos &

L +——
|

G +——

£

O~
—
3*

T

—

1 Monic matches do not lessen the expressiveness! and allow for explicit
counting when deleting nodes or edges

2 | — L non-monic allows cloning nodes but result in non-deterministic
transformations

Habel et al. 2001.
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Arbitrary vs monos &

L +——
|

G +——
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O —
—
3*
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—

1 Monic matches do not lessen the expressiveness! and allow for explicit
counting when deleting nodes or edges

2 | — L non-monic allows cloning nodes but result in non-deterministic
transformations

3 | — R non-monic allows for merging

Habel et al. 2001.
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Arbitrary vs monos &
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1 Monic matches do not lessen the expressiveness! and allow for explicit
counting when deleting nodes or edges

2 | — L non-monic allows cloning nodes but result in non-deterministic
transformations

3 | — R non-monic allows for merging

4 | — L and | — R monic allows for reversible transformations

Habel et al. 2001.
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Arbitrary vs monos &

L +——
|

G +——

£

O —
—
3*

T

—

1 Monic matches do not lessen the expressiveness! and allow for explicit
counting when deleting nodes or edges

2 | — L non-monic allows cloning nodes but result in non-deterministic
transformations

3 | — R non-monic allows for merging

4 | — L and | — R monic allows for reversible transformations

See the summary ‘From Conservative to Radical’ in (Heckel et al. 2020)

Habel et al. 2001.
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Question:
Where was the issue?J




e Does D exist?

e |s it even unique?

2. Graph transformations

L+—/ —R
I I
G«<—D——H

26



L +——
ml POC
G +——

O ~

e Does D exist? Not necessarily!

e |s it even unique? Not necessarily!

2. Graph transformations

—
PO
—

Py

T

«—
3
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L+— 1 —R
ml POCl PO lm*
G+—D— H

e Does D exist? Not necessarily!

e |s it even unique? Not necessarily!

A match m: L — G satisfies the gluing condition with respect to the rule
L« | — Rif K— L— R admits a pushout complement. J

Set-based characterisation in Graph

2. Graph transformations 26



» How to add additional
information to the graphs?




A graph is a presheaf on

S

E——V

t

Add

e information (also called decorations!)?

e constraints?

Note: | write presheaves using the C-Set convention?, i.e., as copresheaves

Heckel et al. 2020.
2Reyes et al. 2004.

3. A multiplicity of graphs 28



Slice category

Let A be an object of a category &7

The slice category of 7 over A, written o/ /A is the category with
e morphisms X — A in & as objects
e triangles
X—% X

N

as morphisms

3. A multiplicity of graphs

29




Comma categories

Let o D5 @ < % be categories and functors.

The comma category (P | Q) is the category with

o triples (A, h, B) for objects with A € o/, B € 4, and h:

P(A) = Q(B)in @

3. A multiplicity of graphs

30




Comma categories

P .
Let o D5 @ < % be categories and functors.

The comma category (P | Q) is the category with

o triples (A, h, B) for objects with A € o/, B € 4, and h:
P(A) = Q(B) in ¢

e pairs of morphisms (f: A— A, g: B — B’) for the morphism
(A, h,B) — (A’, W, B’) such that

P(A) 29 pa)

| I

Q(B) 4 Q)

commutes

3. A multiplicity of graphs 30




Comma categories generalize slice categories

Proof: o/ /A is (1 | A), where
e 1,,: &/ — & is the identity functor on the category &/

e the object A is identified with the unique functor A: * — &7 that
maps the unique object of * to A

3. A multiplicity of graphs

31



Undirected graphs |

ﬁ // A little digression . ..



Undirected graphs via involution

Undirected graphs: arcs are non-oriented

3. A multiplicity of graphs

33



Undirected graphs via involution &

Undirected graphs: arcs are non-oriented

In (Serre 1980): an undirected graph is a graph G = (E, Vs, t) equipped
with a fixed-point-free involution i: E — E such that soi =t and toi = S.J

3. A multiplicity of graphs 33



Undirected graphs via involution &

Undirected graphs: arcs are non-oriented

In (Serre 1980): an undirected graph is a graph G = (E, V, s, t) equipped
with a fixed-point-free involution i: E — E such that soi =t and toi = S.J

There is a categorical construction relying on schema theory to allow
equational constraints on presheaves.

3. A multiplicity of graphs 33



Undirected graphs as a comma category &

In (Behr et al. 2020): uGraph is the comma category (1set | P(12)) where
e lgei: Set — Set is the identity functor on Set
e P(12): Set — Set is the (1,2)-restricted covariant power set functor

Spelled out, uGraph has objects G = (Vg, Eg, i) with
e V; set of nodes
e F( set of arcs
® ic: Ec = P(12)(Ve) incidence function
and morphisms m: G — H = (my: Vg — Vg, mg: Eg — Epy) such that

E¢ e
’Gl l’”

P(1,2)(VG) W P(1,2)(VH)

commutes

3. A multiplicity of graphs 34



Labeled graphs

Y = (Xv,XE) a pair of alphabets
e X\ vertex labels

e Y ¢ edge labels

3. A multiplicity of graphs
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Labeled graphs

Y = (Xv,XE) a pair of alphabets
e X\ vertex labels
e Y ¢ edge labels

A labeled (or colored) graph is a presheaf on
YE L E :; v v 1y

We obtain the category ¥-Graph

3. A multiplicity of graphs

35



Typed graph

No relations between the labels in ¥-Graph! J

3. A multiplicity of graphs
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Typed graph

No relations between the labels in X-Graph! J

Bipartite graphs

3. A multiplicity of graphs
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Typed graph

No relations between the labels in X-Graph! J

Bipartite graphs:black or white vertices

O L

3. A multiplicity of graphs
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Typed graph

No relations between the labels in X-Graph! J

Bipartite graphs:black or white vertices,
bi-color arcs
e

e

6/

3. A multiplicity of graphs
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Typed graph

No relations between the labels in X-Graph! J

Bipartite graphs:black or white vertices,
bi-color arcs
e

e

6/

The type graph TG describe the relations
between the decorations

3. A multiplicity of graphs
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Typed graph

No relations between the labels in X-Graph! J

Bipartite graphs:black or white vertices,
bi-color arcs
e

e

6/

The type graph TG describe the relations
between the decorations

The category of graphs typed over TG is the
slice category Graph/TG

3. A multiplicity of graphs

36



Typed graphs generalize labeled graphs

Proof: Given ¥ = (Xy,Xg), £-Graph is Graph/TG(X) with
TG(X) = (Vs, Es, sy, ty) defined as

[ ] VXZZ\/
oEz:ZEXZ\/XZV

e ss: Ex — Vs, (e,a,b) — a
o ty: Ex — Vs, (e,a,b)>—>b

3. A multiplicity of graphs

A
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Computing with the information

Labeled or typed graph: immutable information

3. A multiplicity of graphs
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Computing with the information

Labeled or typed graph: immutable information

We might want to decorate the rules with expressions that compute values
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Computing with the information

Labeled or typed graph: immutable information

We might want to decorate the rules with expressions that compute values

Write rules decorated with terms and use the match to evaluate them

3. A multiplicity of graphs 38



Data types (Syntax)

Signature: Q = (S, F)

e S sorts

e F function names with a profile mapping p: F — S* x S

Form the category Sig(Q2)

Ta(X) = [ses Ta(X)s are the Q-terms with variables in (Xs)ses (defined
inductively from function names)

3. A multiplicity of graphs 39



Data types (Semantics)

Q-algebra: A given by

e non-empty carrier sets (As)secs

e a function fA: Ag, x ... x As, — As for each function name f with
profile p(f) = (s1,...,Sm,S)

Form the category Alg(2)

3. A multiplicity of graphs 40



Term algebra

The Q-term algebra Tq(X) over the set of variables X maps each
expression to its string representation

o Tqo(X)s as carrier sets
o 7aX)(t;, ... t,)is the string f(t1,...,t,)

3. A multiplicity of graphs

41



Term algebra

The Q-term algebra Tq(X) over the set of variables X maps each
expression to its string representation

e Tq(X)s as carrier sets

o 7aX)(t;, ... t,)is the string f(t1,...,t,)

Extends any function f: X — A where A is an Q-algebra to a unique
algebra morphism *: Tq(X) — A (the evaluation of terms)

)

3. A multiplicity of graphs
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Graphs with data

E-Graph: preasheaf on

tay

Here: no data on the arcs for simplicity

3. A multiplicity of graphs
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An E-graph

3. A multiplicity of graphs
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Attributed graphs

Q-attributed graph AG = (G, A)
e G is an E-graph
e Ais an Q-algebra
such that
DG = |_| -As

seS

Morphism of attributed graphs: morphism of Q-algebra and morphism of
E-graph such that the obvious diagrams commute

Form the category Q-AGraph

3. A multiplicity of graphs 44



Attributed graphs

Q-attributed graph AG = (G, A)
e G is an E-graph
e Ais an Q-algebra

such that

DG:|_|-A5

seS

Morphism of attributed graphs: morphism of Q-algebra and morphism of
E-graph such that the obvious diagrams commute

Form the category Q-AGraph

One can type attributed graphs by slicing (using the terminal algebra)

3. A multiplicity of graphs 44



Attributed graph rewriting

Q-attributed rule: span where the graphs share the algebra 7q(X)

I R o :
O—0 0
L I R

3. A multiplicity of graphs
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Attributed graph rewriting

Q-attributed rule: span where the graphs share the algebra 7q(X)

In G =P™ H, the match m: L — G provides the evaluation of the terms
appearing in L by mapping the variables to values in G.

@
I
[}

3. A multiplicity of graphs 45



Attributed graphs prevent structure-depending computations

‘Average the values of the neighbor of a node’

1Ghamarian et al. 2012.

3. A multiplicity of graphs
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Attributed graphs prevent structure-depending computations

‘Average the values of the neighbor of a node’

Solved using multi-rules in Groove!

1Ghamarian et al. 2012.

3. A multiplicity of graphs
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Attributed graphs prevent structure-depending computations

‘Average the values of the neighbor of a node’

Solved using multi-rules in Groove!

AlgebraicJulia models attributed graphs via the double category of
profunctors

Attr(V, X)

1Ghamarian et al. 2012.
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Various categories of graphs
e Graph
e uGraph
e Y-Graph
e Q-AGraph
e sGraph (simple graphs, i.e.,
without parallel arcs)

e hypergraphs

3. A multiplicity of graphs
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Various categories of graphs
e Graph
e uGraph
e Y-Graph
Q-AGraph
sGraph (simple graphs, i.e.,
without parallel arcs)

e hypergraphs
e ...

All admit DPO as a semantics for
rewriting!

3. A multiplicity of graphs
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Various categories of graphs
e Graph
e uGraph
e Y-Graph
Q-AGraph
sGraph (simple graphs, i.e.,
without parallel arcs)

e hypergraphs
e ...

All admit DPO as a semantics for
rewriting!

3. A multiplicity of graphs

m*

I%ZU

L+—— [ ——
mJ{ Pocl PO
G+—D——

e Does D exist? Not necessarily!

e |s it even unique? Not necessarily!
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Various categories of graphs
e Graph
e uGraph
e Y-Graph
Q-AGraph
sGraph (simple graphs, i.e.,
without parallel arcs)

e hypergraphs
e ...

All admit DPO as a semantics for
rewriting!

3. A multiplicity of graphs

m*

I%ZU

L+—— [ ——
ml Pocl PO
G+—D——

e Does D exist? Not necessarily!

e |s it even unique? Not necessarily!

Can we axiomatize DPO rewriting? J

47



Bl

Adhesive categories | l

» Axiomatizing DPO rewriting B

A
A
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van Kampen square!

A pushout is a van Kampen square if for all commutative cubes

—|——C

Sl

D+——A

such that the right and back faces are pullbacks, then the top face is a
pushout if and only if the left and front faces are pullbacks

1L ack et al. 2004.

4. Adhesive categories
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Adhesive category

A category is adhesive if
e it has pullbacks

Lack et al. 2005.
2 Johnstone et al. 2007.

4. Adhesive categories
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Adhesive category

A category is adhesive if
e it has pullbacks

e it has pushouts along monomorphisms, i.e., pushouts where at least
one of the span morphisms is a monomorphism

Lack et al. 2005.
2 Johnstone et al. 2007.
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Adhesive category

A category is adhesive if
e it has pullbacks

e it has pushouts along monomorphisms, i.e., pushouts where at least
one of the span morphisms is a monomorphism

e pushouts along monomorphism are van Kampen squares

YLack et al. 2005.
2 Johnstone et al. 2007.
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Adhesive category

A category is adhesive if
e it has pullbacks

e it has pushouts along monomorphisms, i.e., pushouts where at least
one of the span morphisms is a monomorphism

e pushouts along monomorphism are van Kampen squares

Example of adhesive categories: Set, any presheaf topos!, any elementary
topos?

YLack et al. 2005.
2 Johnstone et al. 2007.

4. Adhesive categories 50



DPO rewriting in adhesive categories

In an adhesive category, the pushout complement of A>— B — C, called

pushout complement of monos, is unique up to isomorphism, provided it
exists.

Therefore one usually considers linear rules (i.e., spans of monos) in an
adhesive category.

4. Adhesive categories 51



DPO rewriting in adhesive categories

In an adhesive category, the pushout complement of A>— B — C, called
pushout complement of monos, is unique up to isomorphism, provided it
exists.

Therefore one usually considers linear rules (i.e., spans of monos) in an
adhesive category.

Adhesivity implies all the ‘usual’ rewriting results on the DPO semantics

4. Adhesive categories 51



M-adhesivity?

Q-AGraph is not adhesive

Hartmut Ehrig et al. 2006.

4. Adhesive categories

52



M-adhesivity?

Q-AGraph is not adhesive

A category is M-adhesive if:
e it has pullbacks along M-morphisms
e it has pushouts along M-morphisms
e pushouts along M-morphisms are van Kampen squares

where M is a class of monomorphisms containing all isomorphisms, stable
under composition, pullback, and pushout.

YHartmut Ehrig et al. 2006.
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M-adhesivity?

Q-AGraph is not adhesive

A category is M-adhesive if:
e it has pullbacks along M-morphisms
e it has pushouts along M-morphisms
e pushouts along M-morphisms are van Kampen squares

where M is a class of monomorphisms containing all isomorphisms, stable
under composition, pullback, and pushout.

Q-AGraph is M-adhesive where M-morphisms consist of monos of
E-graphs and isomorphisms of algebra

YHartmut Ehrig et al. 2006.

4. Adhesive categories 52



Some categories in which we (want to) do DPO rewriting are not
M-adhesive, e.g., rotation systems

4. Adhesive categories
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Geometric modeling ]

» Formalizing modeling
operations as graph
transformations
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5. Geometric modeling
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CGAL's sew operation

(template<unsigned int i>
void sew(Dart_descriptor adartl, Dart_descriptor adart2)

CGAL_assertion( i<=dimension );
CGAL_assertion( (is_sewable<i>(adarti,adart2)) );
size_type amark=get_new_mark();
CGAL::GMap_dart_iterator_basic_of_involution<Self, i>
I1(*this, adartl, amark);
CGAL::GMap_dart_iterator_basic_of_involution<Self, i>
I2(xthis, adart2, amark);
for ( ; Il.cont(); ++I1, ++I2 )
{
Helper::template Foreach_enabled_attributes_except
<CGAL::internal::GMap_group_attribute_functor<Self, i>, i>::
run(*this, I1, I2);

¥
negate_mark ( amark );
for ( Il.rewind(), I2.rewind(); Il.cont(); ++I1, ++I2 )
{
basic_link_alpha<i>(I1, I2);

negate_mark ( amark );
CGAL_assertion( is_whole_map_unmarked(amark) );
free_mark (amark);

<

5. Geometric modeling



Ambition : define a domain-specific language (DSL)
for geometric modeling J

Motivations : abstraction, performance, conciseness, correctness, simplicity

5. Geometric modeling 57



Classical approach Jerboa!

1Belhaouari et al. 2014
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Merbm/

Plant growth

Spring-mass simulations

Mo b Looknstest
P L — Y — e ey
——1 e
o o =
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Topology vs geometry

Object

5. Geometric modeling
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Topology vs geometry

Object Different topologie

5. Geometric modeling
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Topology vs geometry

Object Different topologie

5. Geometric modeling

Different geometry
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Topological cells

5. Geometric modeling
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A combinatorial description of topology

5. Geometric modeling
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A combinatorial description of topology

Gmaps built as graphs

Color legend: 0, 1, 2
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A combinatorial description
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of topology

Gmaps built as graphs

d: orange vertex, purple edge, the
green face
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A combinatorial description

Color legend: 0

5. Geometric modeling

of topology @

Gmaps built as graphs

0-arc:
e distinct vertices

e same edge and faces

62



A combinatorial description of topology @

/ VSRN \ Gmaps built as graphs

’_/—- N 1-arc:
/ \ / \ e distinct edges
\ /

\N J e same vertices and faces

Color legend: 1
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A combinatorial description of topology

Gmaps built as graphs
2-arc:
e distinct faces

e same vertices and edges

Color legend: 0, 1, 2
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Generalized maps? (topology)

Legend: 0, 1, 2

Damiand et al. 2014.

5. Geometric modeling

63



Generalized maps? (topology)

Orbit: Sub-graph induced by a
subset (o) of dimensions

J

S\
st
\QQ{?

o oo o

Legend: 0, 1, 2 Vertices: orbits (1,2)

Damiand et al. 2014.
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Generalized maps? (topology)

Orbit: Sub-graph induced by a
subset (o) of dimensions J

Jiosie TN
O L )
\ OV Q%

o oo o

Legend: 0, 1, 2 Vertices: orbits (1,2) Faces: orbits (0, 1)

Damiand et al. 2014.
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Embeddings (geometry)

®

® 90 ©
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Legend: 0, 1, 2
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Embeddings (geometry)

©0 06 Embedding: function 7 : (o) —
® ® ® with 7 an abstract data type
® 6
®®® ® 9o © ®@
® ® 0 ©

i
2 S b @%E%
0800 {i‘;} {?

Legend: 0, 1, 2 position : (1,2) — Point3 color : (0,1) — ColorRGB
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Rewriting Gmaps
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Orbit rewriting
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Orbit rewriting

—
| |
<0,1> || @ <0, > o | <0, > < ,2> <1,2>
[ T 1 0
nO: C_ D @ 77777 | no nl n2
Implicitly
computed

S
— I I —_— Instantiated
rule
~
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Orbit rewriting
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Implicitly
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Orbit rewriting

—
| |
<0,1> || @ <0, > o | <0, > < ,2> <1,2>
I T 1 0
nO: C_ no-—~ | no nl n2
Implicitly
C computed C c
I I Local
a a a
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— I I —_— Instantiated
rule
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Orbit rewriting

—
L N |
<0,1> || @ <0, > ~ <0, > <, 2> <1, 2>
I T 1 0
nO: C_ no-—~ | no nl n2
Implicitly
C computed C c.e
I I k Local
a a 2§
b b. b.

7N
— I I —_ Instantiated
rule
~
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Orbit rewriting O — %

|
<0,1> || @ <0, > ~ <0, > <, 2> <1, 2>
I T 1 0
nO: C_ no-—~ | no nl n2

Implicitly

C computed C c
I Local
a a a
L]
b b
b

7N
— I I —_ Instantiated
rule
~
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Orbit rewriting

Implicitly
C computed CI
a a
b b
G——
‘_
G———
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Orbit rewriting explained categoricallyJ

ﬁ // A little digression . ..



Graph products!

inspired from Bauderon 1995.
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Graph products!

e (1, P): instantiation

inspired from Bauderon 1995.
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Graph products! &
-
J(I1, P) 1

Q p—L 5 Ey(P)

e (I, P): instantiation
e Ey: embedding functor

inspired from Bauderon 1995.
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Graph products!

PB In

|
Q P —2 5 Eo(P) =Y 1y

e (I, P): instantiation
e Ey: embedding functor

inspired from Bauderon 1995.
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Graph products! &

PB In

|
Q P —2 5 Eo(P) =Y 1y

e (I, P): instantiation
e Ey: embedding functor

e 7y projecting functor

inspired from Bauderon 1995.

5. Geometric modeling 68



Complete construction &

1W><]D
Lo (s )T "\\,
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Complete construction &

Ep(P,) K « R]

T \ Input 1: Rule scheme
| |
P,

V5 L5 By (Py) x K — Ep(Py) x R

)
p{ lm | |

P(G) WL, P,) «— «(K,P,) — (R, P,)

T~ [
D H

g
Input 2: Gmap
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Complete construction

R

- I
L Ep(P) x K F—— Ep(P,) x R

Product lmn) Product J{ﬂ'[w

D » H
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Complete construction &

too \
!E]IE(Pv)T \ !

5% ‘R

q —t ]

Ep(P,) x L +—— Ep(P,) x K —— Ep(P,) x R

™D ™D ™

P(G) L,P,) +— «(K,P,) — (R, P,)
~] I [ [
g D « s H

“Standard' DPO rewriting
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Consistency preservation

Modifications of a well-formed object should produce an equally
well-formed object.
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Consistency preservation

Modifications of a well-formed object should produce an equally
well-formed object.

Intuitively, if G = c and G =P™ H, how can we ensure that H |= ¢?

Requirement: Feedback to the rule designer.
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Breaking the topological consistency —_—

Constraint: 0202 paths should be cycles.

@»@ <,2> <2€.1>
1 = position
no no

nl

o ; g f
h e N .
—_—
a d a d
b ¢ b c
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Breaking the topological consistency —_—

Constraint: 0202 paths should be cycles.

<0, 1> » <0, > )---- <A2> <2,1>
1 - position
no no
nl

o . g._.f
h e N .
— 1] [l
a d a d
b ¢ b&—%¢c
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Instantiation: constructive approach
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Instantiation: constructive approach

4o

ai

ap

a3
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ds
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Instantiation: constructive approach
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Instantiation: constructive approach

a a
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Instantiation: constructive approach
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Instantiation: constructive approach
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Instantiation: constructive approach

a a
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Instantiation: constructive approach
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From an abstract language to code

—

int n = 0;
JerboaLlist <@ebd<position>> sommetsAdjacents ;
for (JerboaDart d : <1,2>_<2>(n0)) {
sommetsAdjacents.add(d@0.position);
n = n+1;

Point3 bary = Point3::middle(sommetsAdjacents);

if (n==2){
return Point3::barycenter (n0.position, 3.0/4.0, bary,

}
else if (n==3){
return Point3::barycenter(n0.position, 7.0/16.0, bary,

else {
return Point3::barycenter(n0.position, 5.0/8.0, bary,
}

6. Conclusion

1.0/4.0);

9.0/16.0);

3.0/8.0);
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